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Abstract. Let N0 denote the set of all non-negative integers and P(N0) be its power
set. An integer additive set-labeling (IASL) of a graph G is an injective set-valued
function f : V (G) → P(N0) such that the induced function f+ : E(G) → P(N0) is
defined by f+(uv) = f(u) + f(v), where f(u) + f(v) is the sumset of f(u) and f(v).
An IASL f of a graph G is said to be an integer additive set-indexer (IASI) of G if
the associated function f+ is also injective. A graph which admits an integer additive
set-labeling (or integer additive set-indexer) is called an integer additive set-labeled
graph (or integer additive set-indexed graph). In this paper, we initiate a study on
the hypergraphs associated with the set-labels of integer additive set-labeled graphs.
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1 Introduction
For all terms and definitions of graphs, other than newly defined or specifically mentioned
in this paper, we refer to [4], [10] and [17] and for those of hypergraphs we refer to
[2], [3] and [16]. For different graph classes, we further refer to [5] and [7]. Unless
mentioned otherwise, the graphs considered in this paper are simple, finite, non-trivial
and connected.
Let A and B be two non-empty sets. The sumset of A and B is denoted by A + B
and is defined by A + B = {a + b : a ∈ A, b ∈ B}. If a set C is the sumset of two
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sets A and B, then A and B are said to be the summands of C. Using the concepts of
sumset theory, the notion of integer additive set-labeling of graphs has been introduced
as follows.
Let N0 denote the set of all non-negative integers and P(N0) be its power set. An
integer additive set-labeling (IASL) (see [8], [9]) of a graph G is an injective function
f : V (G) → P(N0) such that the induced function f+ : E(G) → P(N0) is defined by
f+(uv) = f(u) + f(v), where f(u) + f(v) is the sumset of f(u) and f(v). A graph
that admits an IASL is called an integer additive set-labeled graph (IASL-graph) and
is denoted by Gf . An IASL f of a given graph G is said to be an integer additive
set-indexer (IASI) if the associated function f+ is also injective.
An IASL (or an IASI) f of a graph G is said to be a k-uniform IASL (or a k-uniform
IASI) if f+(uv) = k ∀ uv ∈ E(G). If the set-labels of all vertices of an IASL-graph
G have the same number of elements, say k, then we say that V (G) is k-uniformly
set-indexed.
The cardinality of the set-label of an element (a vertex or an edge) of an IASL-graph
Gf is said to be the set-indexing number of that element. The set-indexing number of a
graph G is the minimum cardinality required for the ground set X so that the function
f : V (G) → P(X) is an IASL defined on G.
Since the set-label of every edge of Gf is the sumset of the set-labels of its end
vertices, it can be noted that no vertex of an IASL-graph Gf can have the empty set as
its set-label.
If any of the given two sets is countably infinite, then their sumset is also a countably
infinite set. Hence, all sets we consider in this paper are non-empty finite sets of non-
negative integers. We denote the cardinality of a set A by |A|.
2 Hypergraphs associated with IASL-graphs
Hypergraphs can be considered as a generalisation of graphs. While graphs are used to
model pairwise interactions, hypergraphs can be used to model group-wise interactions.
Some studies using hypergraphs have marked the importance in the fields of general
and computing sciences and social networks analysis. Moreover, as generalisation often
makes studies simplified, studies on hypergraphs become more relevant. In the following
section, let us recall the fundamental concepts and definitions of hypergraphs that are
used in this paper.
2.1 Introduction to hypergraphs
The objective of this paper is to check whether the studies on different classes of integer
additive set-labeled graphs can be related to certain classes of hypergraphs. First, recall
the definition of hypergraphs (see [3]) as given below.
A hypergraph H is a pair H = (X, E), where X is a set of elements called nodes or
vertices, and E is a set of non-empty subsets of X called hyperedges or edges. Therefore,
E is a non-empty subset of P(X), the power set of X.
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The number of vertices of a hypergraph H is called the order of H denoted by n(H).
Clearly, n(H) = |X|.
If all the hyperedges of H have the same cardinality, say k, then H is said to be a
k-uniform hypergraph. The number of elements in a hyperedge of a hypergraph H is
called the size of that hyperedge.
For a set J ⊂ {1, 2, 3, . . . ,m}, the family H′ = {Ej : j ∈ J} is called the partial
subgraph of H generated by J . For a set A ⊂ X, the family HA = {Ej ∩ A : 1 ≤ j ≤
m,Ej ∩A ̸= ∅} is called a sub-hypergraph induced by the set A.
Certain studies on general set-valued graphs and their associated hypergraphs have
been done in [1], [11], [12] and [13]. Motivated from these studies, in this paper, we initi-
ate a discussion on certain properties and characteristics of the hypergraphs associated
with integer additive set-labeled graphs.
2.2 New definitions
Using the concepts of hypergraphs mentioned in the previous section, we introduce the
following types of hypergraphs associated with the set-labels of the elements of given
integer additive set-labeled graphs.
Definition 2.1. Let X ⊂ N0 and a set-valued function f : V (G) → P(X) be an integer
additive set-labeling of a given graph G. Then, the hypergraph H(X,L(V )) is called the
vertex set-label hypergraph (VSL-hypergraph) of G with respect to the IASL f where
L(V ) = {f(v) : v ∈ V (G)}. The VSL-hypergraph of an IASL-graph Gf is denoted by
H
f
G.
Similar to VSL-hypergraphs, we can also define the edge set-label hypergraphs of a
given IASL-graph Gf as follows.
Definition 2.2. Let X ⊂ N0 and f : V (G) → P(X) be an integer additive set-labeling
of a given graph G. Then, a hypergraph (X,L(E)) is called the edge set-label hypergraph
(ESL-hypergraph) of G with respect to the IASL f , where L(E) = {f+(e) : e ∈ E(G)}.
The ESL-hypergraph of an IASL-graph Gf is denoted by H
f+
G .
Another type of hypergraph associated with a given IASL graph Gf , called total
set-label hypergraph, is defined as follows.
Definition 2.3. Let X ⊂ N0 and f : V (G) → P(X) be an integer additive set-
labeling of a given graph G. Then, a hypergraph (X,L(G)) is called the total set-
label hypergraph (TSL-hypergraph) of G with respect to the IASL f , where L(G) ={
f(x) if x ∈ V (G)
f+(x) if x ∈ E(G).
The TSL-hypergraph of an IASL-graph Gf is denoted by H
∗
G.
In the following discussions, we discuss the properties and characteristics of these
types of hypergraphs associated with given IASL-graphs.
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2.3 Vertex set-label hypergraphs
The first important and much interesting property on the newly defined hypergraphs,
associated with the given IASL-graphs, is their connectedness. In this section, first let
us discuss the connectedness of the VSL-hypergraphs of given IASL-graphs.
Proposition 2.4. If an IASL-graph Gf has no pendant vertex, then its vertex set-label
hypergraph HfG has some isolated vertices.
Proof. Let G be a graph which admits an IASL f : V (G) → P(X), where X is a non-
empty set of non-negative integers. Assume that G has no pendant vertex. Then, the
maximal element of X, say xn cannot be an element of the set-label of any vertex of
Gf . That is, xn does not belong to any hyperedge of the vertex set-label hypergraph
H
f
G of Gf . Hence, xn is an isolated vertex of H
f
G. Similarly, every element xl of X is an
isolated vertex of HfG if xl + xi ̸∈ X for any xi ∈ X.
The converse of Proposition 2.4 need not be true because we can find certain IASL-
graphs with pendant vertices whose VSL-hypergraphs have isolated vertices.
A hypergraph is said to be connected if its intersection graph is connected. In view
of the above theorem, the following result is a necessary condition for a vertex set-label
hypergraph of an IASL-graph to be connected.
Proposition 2.5. If the vertex set-label hypergraph of an IASL-graph G is a connected
hypergraph, then G must have some pendant vertices.
Proof. Assume that the VSL-hypergraph HfG of a given IASL-graph Gf is connected.
Then, it has no isolated vertices. Then, by Theorem 2.4, G cannot have any pendant
vertices. This completes the proof.
The converse of Proposition 2.5 is also not true in general. The existence of a
connected VSL-hypergraph for a given IASL-graph Gf is established in the following
theorem.
Proposition 2.6. Let G be a graph with at least one pendant vertex. Then, there exists
an IASL f defined on G such that the corresponding VSL-hypergraph HfG is connected.
Proof. Given that the graph G has a pendant vertex, say vi. Let f : V (G) → P(X) be
an IASL defined on G, where the ground set X contains 0. Without loss of generality, let
v1 be the vertex adjacent to vi such that f(v1) = {0}. Label the vertex vi by the set of all
elements of X which are not non-trivial summands of any elements of X. Now, label all
other vertices of G in such a way that every set-label has a common element with at least
one other set-label in Gf and every element of X occurs in at least one set-label. Also,
note that every set-label corresponds to a hyperedge in HfG. Hence, every hyperedge
has at least one common element with some other hyperedges and all elements of X is
contained in one or more hyperedges in HfG. Therefore, H
f
G is connected.
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Invoking Proposition 2.5 and Proposition 2.6, we establish a necessary and sufficient
condition for the VSL-hypergraph HfG of a given IASL-graph Gf to be a connected
hypergraph as given below.
Theorem 2.7. Let f : V (G) → P(X) be an IASL defined on a given graph G, where
X is a non-empty set of non-negative integers. Then, the VSL-hypergraph HfG of Gf is
a connected hypergraph if and only if the following conditions hold.
(a) 0 ∈ X and {0} is the set-label of a vertex, say v1 of G
(b) there exists at least one pendant vertex, say vi in G which is adjacent to v1 and
the set-label of which contains the elements of X which are not the non-trivial
summands of any element of X.
A hypergraph H is said to be a uniform hypergraph (or a k-uniform hypergraph) if
all the hyperedges of G are of the same size (or the size k). The following results are
obvious conditions for the VSL-hypergraphs to be uniform hypergraphs.
Proposition 2.8. Let f be an IASL defined on a graph G. Then, the VSL-hypergraph
H
f
G of Gf is a k-uniform hypergraph if and only if V (G) is k-uniformly set-indexed.
Proof. Let V (G) is k-uniformly set-indexed with respect to an IASL f defined on a
graph G. Then, the set-label of every vertex of G is a k-element set. Since each vertex
set-label of G is a hyperedge in HfG, each hyperedge of H
f
G is of size k. Hence, H
f
G is a
k-uniform hypergraph.
Conversely, assume that HfG be a k-uniform hypergraph. Then, the size of every
hyperedge of HfG is k. Therefore, the corresponding set-labels of vertices of G contain
exactly k elements. Hence V (G) is k-uniformly set-indexed.
A hypergraph is said to be a linear hypergraph if any two of its hyperedges have
at most one element (vertex) in common. What are the conditions required for the
hypergraphs associated to a given IASL-graph to be linear hypergraphs? We have the
solution for this question in the following results.
Theorem 2.9. Let G be a graph with some pendant vertices, which admits an IASL f .
Then, the VSL-hypergraph HfG of Gf is a connected linear hypergraph if and only if the
set labels of any two vertices of G contain at most one common element and for every
vertex in G, there exists at least one vertex in G such that their set-labels have exactly
one common element.
Proof. Assume that the given IASL-graph G holds the given conditions. Note that a
hyperedge of the VSL-hypergraph HfG corresponds to the set-label of a vertex in G.
Hence, the set-labels of any two vertices in G have exactly one common element implies
that the corresponding two hyperedges of HfG have exactly one common element. More
over, the set-labels of any two vertices in G have at most one common element, any two
hyperedges of HfG have also at most one common element. Hence H
f
G is a connected
linear hypergraph.
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Conversely, assume that HfG is a connected linear hypergraph. Then, any two hy-
peredges of HfG have at most one common element and every hyperedge of H
f
G has one
common element with another one or more hyperedges of HfG. Therefore, the corre-
sponding set-labels of the vertices of G also have the same properties. This completes
the proof.
2.4 Edge set-label hypergraphs
Let us now proceed to verify the similar results for edge set-label hypergraph of a given
IASL-graph Gf . A necessary condition for the ESL-hypergraph H
f+
G of Gf to have
isolated vertices is established in the following theorem.
Proposition 2.10. Let f : V (G) → P(X) be an IASL of a given graph G. If 0 ̸∈ X,
then its ESL-hypergraph Hf
+
G has some isolated vertices.
Proof. Let G be a graph which admits an IASL f : V (G) → P(X), X being a non-empty
set of positive integers. Then, the minimal element of X, say x1 cannot be an element of
the set-label of any edge of Gf , since x1 is not the sum of any two elements of X. Hence,
x1 does not belong to any hyperedge of the edge set-label hypergraph H
f+
G of Gf . That
is, x1 is an isolated vertex of H
f+
G . Similarly, every element xl of X is an isolated vertex
of Hf
+
G if xl + xi ̸∈ X for any xi ∈ X.
An interesting problem in this context is to identify the conditions required for an
edge set-label hypergraph of a given IASL-graph Gf to be connected. The following
theorem establishes a condition for Hf
+
G to be a connected hypergraph.
Proposition 2.11. Let G be a graph with at least one pendant vertex. Then, there
exists an IASL f defined on G such that the ESL-hypergraph Hf
+
G is connected.
Proof. Given that the graph G has a pendant vertex, say vi. Let f : V (G) → P(X) be
an IASL defined on G, where the ground set X contains 0. Without loss of generality,
let v1 be the vertex of G that is adjacent to vi and let f(v1) = {0}. Label the vertex
vi by the set of all elements of X which are not non-trivial sum of any two elements of
X. Now, label all other vertices of G in such a way that every set-label has a common
element with at least one other set-label in Gf and every element of X occurs in at least
one set-label. Then, with respect to the induced edge function the set-labels of edges of
G will be the subsets of X and every element of X will be an element of at least one
set-label of the edges of G. Since, each of these set-labels corresponds to a hyperedge
in Hf
+
G , every hyperedge has at least one common element with some other hyperedges
and all elements of X is contained in one or more hyperedges in Hf
+
G . Therefore, H
f+
G
is connected.
Invoking Proposition 2.10 and Proposition 2.11, we establish the following theorem
as an analogue of Theorem 2.7.
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Theorem 2.12. Let G be a graph which admits an IASL f : V (G) → P(X), where X
is a non-empty set of non-negative integers. Then, the ESL-hypergraph Hf
+
G of Gf is a
connected hypergraph if and only if the following conditions hold.
(a) 0 ∈ X and {0} is the set-label of a vertex, say v1 of G,
(b) there exists at least one pendant vertex, say vi, in G which is adjacent to v1 and
the set-label of which contains the elements of X which are not the non-trivial
sumsets of any elements of X.
Two hypergraphs are said to isomorphic if their intersection graphs are isomorphic.
An interesting question in this context is about the conditions required for the hyper-
graphs associated with an IASL-graph Gf to be isomorphic. A necessary condition
for the isomorphism between the VSL-hypergraph and the ESL-hypergraph of an IASL
graph is as follows.
Theorem 2.13. If the VSL-hypergraph and the ESL-hypergraph of an IASL-graph Gf
are isomorphic, then G is a unicyclic graph.
Proof. Let f be an IASL defined on a given graph G. Assume that HfG
∼= Hf
+
G . Then,
the hypergraphs HfG and H
f+
G have the same number of hyperedges. It is to be noted
that the number of hyperedges in HfG is the number of vertices in G and the number of
hyperedges in Hf
+
G is the number of edges in G. Therefore, |V (G)| = |E(G)|. Hence, G
contains only one cycle.
Similar to Theorem 2.8, we have the following result as a necessary and sufficient
condition for an ESL-hypergraph of an IASL-graph Gf to be a uniform hypergraph.
Proposition 2.14. Let f be an IASL defined on a graph G. Then, the ESL-hypergraph
H
f+
G of Gf is a k-uniform hypergraph if and only if f is a k-uniform IASI defined on G.
Proof. Let f be a k-uniform IASI defined on G. Then, f+ : E(G) → P(X) is an injective
function and f+(e) = k for edge e ∈ E(G). Since each set-label of edges of G corresponds
to a hyperedge of Hf
+
G , each hyperedge of H
f+
G is of size k. That is, H
f+
G is a k-uniform
hypergraph.
Conversely, assume that Hf
+
G is a k-uniform hypergraph. Then, each hyperedge of
G is of size k. Therefore, each set-label of edges of G also contains k-elements. Also,
the hyperedges of Hf
+
G are distinct, the corresponding set-labels of edges in G are also
distinct. Hence, the function f+ is an injective function. Therefore, f is a k-uniform
IASI defined on G.
We call two ordered pairs (a, b) and (c, d) of non-negative integers compatible if
a+ b = c+ d.
Analogous to Theorem 2.9, we have a necessary and sufficient condition for the ESL-
hypergraph Hf
+
G of an IASL graph Gf to be a connected linear hypergraph as follows.
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Theorem 2.15. Let G be a graph with pendant vertices, which admits an IASL f .
Then, the ESL-hypergraph Hf
+
G of Gf is a connected linear hypergraph if and only if
(a) for any two adjacent pairs of vertices (vi, vj) and (vr, vs) there exists at most one
element in f(vi) × f(vj) that is compatible with an element in f(vr) × f(vs) and
vice versa.
(b) for every pair of adjacent vertices (vi, vj) of G, there exist at least one more pair
of adjacent vertices (vr, vs) such that we can find a unique element (a, b) ∈ f(vi)×
f(vj) and a unique element (c, d) ∈ f(vr) × f(vs) such that (a, b) and (c, d) are
compatible.
Proof. Let f be an IASL defined on a given graph G with pendant vertices. Let Gf
satisfies the given conditions. The first given condition implies the set labels of any two
edges of G contain at most one common element. Therefore, Hf
+
G is a linear hypergraph.
The second condition implies for every hyperedge ofG, there exists at least one hyperedge
such that they have exactly one common element. Hence, Hf
+
G is a connected linear
hypergraph.
Conversely, assume that Hf
+
G is a connected linear hypergraph. Since, H
f+
G is a
linear hypergraph, any two hyperedges of Hf
+
G can have at most one common element.
Therefore, the set labels of two corresponding edges of G contain at most one common
element. Hence, for any two adjacent pairs of vertices (vi, vj) and (vr, vs) there exists at
most one element in f(vi) × f(vj) that is compatible with an element in f(vr) × f(vs)
and there exists at most one element in f(vr)×f(vs) that is compatible with an element
in f(vi)× f(vj).
Since Hf
+
G is connected, then for any hyperedge in H
f+
G , there exists at least one
more hyperedge in Hf
+
G such that they have exactly one common element. Therefore,
for each corresponding edge in G, there exists at least one more edge in G such that their
set-labels have exactly one common element. Hence, for every pair of adjacent vertices
(vi, vj) of G, there exist at least one more pair of adjacent vertices (vr, vs) such that for a
unique element (a, b) ∈ f(vi)×f(vj), we can find a unique element (c, d) ∈ f(vr)×f(vs)
such that a+ b = c+ d.
2.5 Total set-label hypergraphs
The existence of a connected total set-label hypergraph for a given IASL-graph is estab-
lished in the following result.
Proposition 2.16. For any given graph G, there exists an IASL f such that the corre-
sponding TSL-hypergraph is connected.
Proof. Case-1: If G is a graph without pendant vertices, then choose a non-empty finite
ground set X such that every element of X is either a sum of two elements of X or is a
non-trivial summand of an element of X. Label the vertices of G injectively in such a
way that
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(i) every element of X which is not the sum of any two elements of X necessarily
belongs to at least one set-label of vertices,
(ii) no element of X which is not a non-trivial summand of two elements of X belongs
to the set-labels of any vertices of G and
(iii) every set in the collection of set-labels of vertices L(V ) has at least one common
element with any other set in L(V ) or with a set in the collection of set-labels of
the edges L(E).
Since the choice of X is ours, we can include the elements, which are both the sums and
summands of elements of X into the set-labels of edges as well as to the set-labels of
vertices. Hence, it is possible to find a non-empty finite ground set X which satisfies the
above three conditions. Then, every element in X belongs to the set-labels of the vertices
of G or to the set-labels of the edges of G. Therefore, the corresponding hyperedges of
H∗G contains all elements of X in such a way that every hyperedge ofH
∗
G contains at least
one common element with one or more hyperedges in H∗G. Therefore, H
∗
G is connected.
Case-2: If G has a pendant vertex, say vi, we can choose any non-empty finite set
X such that 0 ∈ X as the ground set. Label the vertex v which is adjacent to vi by
{0} and the vertex vi by the set containing all elements (including 0) of X which are
neither non-trivial sums nor non-trivial summands of any elements of X. Label the
remaining vertices of G as explained in the above case. Clearly, every element of X is
in a set-label of a vertex or in a set-label of edges of G. Therefore, every set-label in G
has some common elements with another set-label in G. Therefore, the hyperedges in
H∗G together contain all elements of X and every hyperedge of H
∗
G has some common
elements with some other hyperedges of H∗G. Hence, H
∗
G is connected.
The following theorem establishes a necessary and sufficient condition for the TSL-
hypergraph of an IASL-graph Gf to be a uniform hypergraph.
Theorem 2.17. The TSL-hypergraph of an IASL-graph Gf is a uniform hypergraph if
and only if G is 1-uniform.
Proof. First assume that G is 1-uniform. Then, all the vertices and hence all the edges
of G have the singleton set-label. Therefore, the corresponding hyperedges of H∗G are
singleton sets. Hence, H is a 1-uniform hypergraph.
Conversely, assume that H is a uniform hypergraph. Then, all the hyperedges of H
have the same size, say k. Therefore, the set-labels of all vertices and edges of G are
k-element sets. Since the set-label of every edge is the sumset of its end vertices, this
condition exists only when k = 1. Therefore, G is 1-uniform.
Invoking the above theorem, the following result is immediate.
Corollary 2.18. If the TSL-hypergraph H∗G of a given IASL-graph Gf is a uniform
hypergraph, then H∗G is a disconnected hypergraph.
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Proof. Let the total set-label hypergraph is a k-uniform hypergraph. Then, by Theorem
2.17, H∗G is 1-uniform. That is, every hyperedge of H
∗
G contains only one element.
Therefore, if two hyperedges contain a common element, then they are identical. Hence,
distinct hyperedges of H∗G cannot have any common elements. Therefore, H
∗
G is a
disconnected hypergraph.
3 Conclusion
In this paper, we have discussed certain characteristics and properties of hypergraphs
associated with given integer additive set-labeled graphs. Certain problems in this area
are still open. Finding a necessary and sufficient condition for the total set-label hy-
pergraph H∗G of an IASL-graph G to be a connected linear hypergraph is also an open
problem.
Studies on the nature and characteristics of the VSL-hypergraphs, ESL-hypergraphs
and TSL-hypergraphs of different graph classes which admit certain IASLs are promising.
The properties of the hypergraphs associated with different types of IASL-graphs are
worth studying. All these facts highlight a wide scope for further studies in this area.
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